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Abstract 

Instead of zero tending parameters of Wigner-Inonii our approach 
to a group contractions is based on use of the nilpotent commutative 
generators of Pimenov algebra D(t), which is a subalgebra of even 
part of Grassnamm algebra. The standard Faddeev quantization of 
the simple groups is modified in such a way that the quantum analogs 
of the nonsemisimple groups are obtained by contractions. 

The contracted quantum groups are regarded as the algebras of 
noncommutative functions generated by elements Jiktik^ where Jj^ 
are some products of generators of the algebra D(i) and are the 
noncommutative generators of guantum group. Possible contractions 
of quantum orthogonal groups are regarded in detail. They essentially 
depend on the choice of primitive elements of the Hopf algebra. All 
such choices are considered for quantum group SOq{N;C) and all 
allowed contractions in Cayley-Klein scheme are described. 

The quantum deformations of the complex kinematical groups have 
been investigated as a contractions of S0q{5; C) and have shown that 
the result is connected with the behavior of deformation parameter 
under contraction. If deformation parameter q remain unchanged, 
then the quantum Euclead Eq[4:; C) and Newton A^g(4; C) groups are 
obtained. If the deformation parameter is transformed, then one more 
nonisomorphic quantum deformation of Newton group Ny{A; C) is ob- 
tained. But there is no quantum analog of the (complex) Galilei group 
G(l,3) in both cases. 

According to correspondence principle a new physical theory must 
include an old one as a particular case. For space-time symmetries 
this principle is realized as the chain of contractions of the kinematical 
groups: 

5±(1,3) '^V(l,3) ™G(1,3). 
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As it was mentioned above there is no quantum deformation of the 
complex Gahlei group in the standard Cayley-Klein scheme, therefore 
it is not possible to construct the quantum analog of the full chain of 
contractions of the (1+3) kinematical groups even at the level of a 
complex groups. 



1 Introduction 

Contraction of Lie groups (algebras) is the method of obtaining a new Lie 
groups (algebras) from some initial one's with the help of passage to the 
limit One may define contraction of algebraic structure (M, *) as a map 
(j)^ : (M, *) — > (A^, *'), where (A^, *') is the algebraic structure of the same 
type, isomorphic to (M, *) for e 7^ and nonisomorphic to the initial alge- 
braic structure for e = 0. Except for Lie group (algebra) contractions, graded 
contractions [0] , are known, which preserve the grading of Lie algebra. Un- 
der contractions of bialgebra Lie algebra structure and cocommutator are 
conserved. Hopf algebra (or quantum group [^]) contractions are introduced 
(on the level of quantum algebra 0, and on the level of quantum group 
[|11[]) in such a way that in the limit e — a new expressions for coproduct, 
counit and antipode are consistent with the Hopf algebra axioms. Recently 
contractions of the algebraic structures with bilinear products of arbitrary 
nature on sections of finite-dimensional vector bundles was presented |^ and 
contractions of Lie algebroids and Poisson brackets was given as an example. 

Low dimensional quantum groups have been studed in details. The two- 
dimensional EucUdean quantum group Eq{2) was obtained by contractions 
of the unitary quantum group SUq{2) with untouched deformation parame- 



ter q in 0, [10 1, [11] and by contractions of the orthogonal quantum group 



S0q{3) with transformed deformation parameter in |T^-[Q. The quantum 



Heisenberg group Hq{l) was regarded as a contraction of SUq(2) in [jT5| and 



of 5*0^(3) in [|T^. A contraction procedure starting from SOqi^A) was used in 



to determine -Eg(3). A contraction of the de Sitter quantum group lead- 



ing to a Poincare quantum group in any dimensions was proposed in [|I| 



Quantum deformations of the inhomogeneous Lie groups have been studied 



in any dimensions by using the projective (not contraction) method of [|17 



IS] for the multiparametric quantum groups as well [Q9|, pO]. On the other 



hand 5*0^(3) and SOq{A) are not typical representatives of the quantum or- 
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thogonal groups SOq{N) for N = 2n + 1 and = 2n, respectively. We 
shall see that the number of the allowed contractions for SOq{N) with the 
transformed deformation parameter is less then the whole number of the con- 
traction parameters. S0q{3) and SOg^i) quantum groups are an exceptions, 
because both such numbers are equal (two and three, respectively). There- 
fore, the investigation of the contractions of the quantum orthogonal groups 
SOq{N) for an arbitrary N seems to worth attention. In present paper con- 
tractions of the standard deformed quantum group SOq{N) [|5| are studed in 
the Cayley-Klein scheme. The preliminary results for the particular case of 
identical permutation was published in 

Contractions as a passage to limit are corresponded with a physical in- 
tuition. At the same time it is desirable to investigate contractions of an 
algebraic structures with the help of pure algebraic tools. Sometimes it fa- 
cilitate an investigations, especially in complicate cases. It is possible for 
classical and quantum Lie groups and algebras if one take into considera- 
tion an algebra D(i) with nilpotent commutative generators. In particular, a 
motion groups of a constant curvature spaces (or Cayley-Klein groups) may 
be obtained from a classical orthogonal group by replacement its matrix el- 
ements with the specific elements of the algebra D(t) |2^. It is worth to 



note, that at any stage one may to come back to the standart Inonii-Wigner 
contraction by putting an appropriate parameter tends to zero instead of 
takes nilpotent value. In present paper the groups under consideration are 
regarded according to p as an algebra of noncommutative functions, but 
with nilpotent generators. Possible contractions are essentially depended on 
the choice of primitive elements of Hopf algebra. We have regarded all vari- 
ants of such choise for the quantum orthogonal group SOq{N) and for each 
variant have found all admissible contractions in Cayley-Klein scheme. 

The paper is organized as follows. In Sec. 2, we briefly recall the ma- 
trix realizations of the non-quantum orthogonal Cayley-Klein groups both 
in Cartesian and symplectic bases. In Sec. 3, the formall definition of the 
quantum complex group SOy{N; j; a) is given and analysed when the pre- 
sented structure of the Hopf algebra is well defined and consistent under 
nilpotent values of parameters jk- The results are collected in Theorem 1-4. 
The developed approach is applied to the quantum complex kinematic groups 
in Sec. 4. The explicit expressions of antipode, coproduct and relations of 
(g, j)-orthogonality for SOy{N; a; j) are presented in Appendices A-C. We 
do not pretend to the fullness of the bibliography. Accessible to us references 
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are included. 



2 Orthogonal Cayley-Klein groups 

Let us define Pimenov algebra D„(t; (D) as an associative algebra with unit 
over complex number field and with nilpotent commutative generators Lk, 1-1 = 

0, tkim = t'ln^-k 7^ 0, k ^ ui, k, 171 — 1, . . . , Ti. The general element of D„(t; (D) 
is in the form 

n 

do, dki...kp G ^■ 

p=l ki<...<kp 

For n = 1 we have Di(<-i; (D) 9 d = do + diLi, i.e. the elements d are dual 
(or Study) numbers when do, di e R. For n — 2 the general element of 

D2('-i, h',^) is d = do + diii + ^2^2 + rfi2'-i'-2- Two elements d,d & Dn{i', (C) 
are equal if and only if d^ = do, dj^^ j.^ = (ifc^...fcp, p = 1, . . . ,n. If c? = dktk 
and d = dkik, then the condition d = d, which is equivalent to dkik = 
dktk, make possible the consistently definition of the division of nilpotent 
generator tfc by itself, namely: Lk/ik — k — 1, . . . ,n. Let us stress that the 
division of different nilpotent generators Lk/^p, k ^ p, as well as the division 
of complex number by nilpotent generators a/ik, a G (D are not defined. It 
is convenient to regard the algebras D„(j;C), where the parameters jk = 

1, Lk, /c = 1, . . . , n. If m parameters are nilpotent jk^ = t^s, s = 1, ... ,111 and 
the other are equal to unit, then we have Pimenov algebra D^(t; (D). 

Complex orthogonal Cayley-Klein group SO{N] is defined as the 

group of transformations CU) = ^(i)'C(j) of complex vector space O^U) 
with Cartesian coordinates = (Ci, (1, 2)^2, •••,(!, N)^nY-i which pre- 
serve the quadratic form 

N 

inv{j)=e{mj) = e, + Yi^,kni 

k=2 

where j — {ji, . . . , jjv-i), each parameter jk takes two values: jV = 1, f — 
1, . . . , - 1, ^fc e € and 

rria'j:{jiM) — \ 
l=m,in{ij,,u) 
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Let us stress, that Cartesian coordinates of OnU) special elements of Pi- 
menov algebra DAr_i(j; (D). It worth notice that the orthogonal Cayley-Klein 
groups as well as the unitary and symplectic Cayley-Klein groups have been 



regarded in as the matrix groups with the real matrix elements. Never- 
theless there is a different approach, which gives the same results for ordinary 
groups, but is more appropriate from the contraction quantum group point 
of view. According with this approach, the Cayley-Klein group SO{N;j] (D) 
may be realised as the matrix group, whose elements are taken from algebra 
DAf-i(j; C) and in Cartesian basis consist of the N x N matrices A{j) with 
elements 

{A{j))kp = {k,p)akp, Ofcp G (D. 
Matrices A{j) are subject of the additional j-orthogonality relations 

A{j)A\j) = A\j)A{j) = I. (1) 

Sometimes it is convenient to regard an orthogonal group in so-called 
"symplectic" basis. Transformation from Cartesian to symplectic basis = 
-D^(j) is made by unitary matrices D, which are a solutions of equation 

D'CoD = I, (2) 

where Cq G Mjy, {Co)ik = Sik', k' = N + 1 — k To obtain all solutions of 
equation (^, take one of them, namely 



N = 2n, 



D = V2 \, N = 2n + 1, (3) 



where nxn matrix Cq is like Co, then regard the matrix D^r = DVa, Va G M^, 
(K-)ifc = ^ai,k, and a G S{N) is a permutation of the A^th order. It is easy to 
verify that D„ is again a solution of equation (^. Then in symplectic basis 
the orthogonal Cayley Klein group SO{N;j; (D) is described by the matrices 

B^ij) = D^A{j)D^' (4) 
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with the additional relations of j-orthogonality 

It should be noted that for orthogonal groups (j — 1) the use of different 
matrices D^r makes no sense because all Cartesian coordinates of Oat are 
equivalent up to a choice of its enumerations. The different situation is for 
Cayley-Klein groups (j ^ 1). Cartesian coordinates {l,k)^k, k = 1,...,N 
for nilpotent values of some or all parameters jk are different elements of the 
algebra Dj^_i{j; (D), therefore the same group SO{N;j; (D) may be realized by 
matrices B„ with a different disposition of nilpotent generators among their 
elements. Namely this fact will provide us with different sets of primitive 
elements of Hopf algebra in the case of quantum group. 

Matrix elements of Ba-{j) are as follows 

{Ba)n+l,n+l = ^n+l,n+l; 

{Ba)kk — bkk + ibkkio'k, CTk'), {Ba)k'k> — bkk — ibkkio-k, CTfc/), 
{Ba)kk' — bk'k — ibk'k{<^k, CTk'), {Bc)k>k — bk'k + ibk'kif^k, (^k'), 
{B^)k,n+1 — bk,n+l{o'k, C^n+l) " ibk,n+l{'^n+l, f^k'), 
{Ba)k'.n+1 = fcfc.n+l(Cfc, CTn+l) + ^^fcfc.«+l (Cn+1 , CTfe') ' 

n+l,k — &n+l,fc(0'fcj O'n+l) + ^^n+l,A: (o'n+l i (^k'), (5) 
{Ba-)n+l,k' = bn+l,k{o-k, Cn+l) — "^^n+l./fc (o'n+l , CT k') , k ^ p, 

{B^)kp = bkp{ak, o-p) + b'i^p{ak', crp>) + ibkp{ak, o-p>) - ib'j.piak', dp), 
{Ba)kp' = bkp{ak, (Tp) - b',^p{ak', CTp') - ibkp{(Jk, dp') - ib'i^p{ak', dp), 
(Bcr)k'p = bkp(ak, CFp) — b'kp(ak', CFpi) + ibkp(ak, CFpi) + ib'j^p(ak', dp), 
{Ba-)k'p' = bkp{ak, CFp) + b'f.p{ak', (Tpi) — ibkp{ak, CFpi) + ib'f,p{ak', CFp). 

Here 6, 6', 6, 6' e (D are expressed by the matrix elements of A with the formula 

^n+l,n+l — (l<Tn+l,<Tn+l^ 

h -J- h -J- 

On+l,fe — ^^(lan+i,<TkJ Ok,n+l — ^^C^(Tfc,CT„+i ) 

7 _±_ 7 _±_ 

Ofe,n+l — ^j^dy ,an+\i '^n-V\,k — ^^Oo-„_,_i,(t^, , 

1 ~ 1 

bk'k = IjiO'ak'Jk - ^'^k"^k')^ ^k'k = -j{aak<Ty + ^ayak), 

h -t U -l h -I y -I 
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Let us observe that the elements b of Bcr{j) are obtained from the elements 
b* of Bf^{j = 1) by multiplications on some products of parameters j, namely 



Kk = {<^k,o'k')bkk, fefc'fc = {crk,<Jk')bk'k, 

K,n+1 = {(^k,(^n+l)bk,n+l, K+l,k = ("^fc, C^n+O^n+l.fc, 

^fc,n+l = {'^k',(^n+l)bk,n+l, K+l,k = (<^fc' 5 <^n+l)&n+l,fc , 

^fcp = (^fe. (^p')bkp, bip = ((Tfc/, ap)6^p, 7^ p. 



(6) 



A transformation of group by multiplications of some or all its group param- 
eters on zero tending parameter e is named as group contraction if a new 
group is obtained in the limit. The formulas are just an example of such 
transformation, where the nilpotent values jk = tk are used instead of the 
limit e — >■ 0. In other words group contractions may be described mathemat- 
ically correctly by the replacement of real or complex group parameters with 
a new one's which are elements of Pimenov algebra D„(6;(D). In our case 
such replacement is made for matrix elements. 

Let us consider as an example the group 5*0(3; j; (D). For identical per- 
mutation (J = (1, 2, 3) the matrix D„ is given by equation for = 3 and 
in symplectic basis the group 5*0(3; j; (D) is described by the matrices 

/ bu + ijij2bn jibi2 - ij2&i2 &3i - ^jij2&3i 

^a(j) = jlhl+ijlbjl &22 ^ Jl&21-«j2&21 

\ &31 + «jlj2&31 jlbl2 + U2&12 bii - ijij2bn 

For cr = (2, 1, 3) one obtain from equation (^ 

/ bii + ij2bu jibi2 - U1J2&12 ^31 - U2&31 

= \ jl&21 + ^jlj2&21 &22 ^ jl&21 - Ulj2^21 

\ bsi + ij2hi jibi2 + U1J2&12 bu - zja^ii 
finally the permutation a = (1,3,2) leads to the matrices 



/ bu + ijibu jij2&i2 - U2&12 ^31 - ijibsi 

jlj2&21 + ij2b21 622 ^ jlj2&21 - U2&2I 

\ ^31 + ijibsi iii2bi2 + U2&12 bu - ijibu 
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The same matrices are corresponded to three remaining permutations from 
the group S{3). 

For nilpotent values of both parameters ji = Li,j2 = h "we have the com- 
plex Galilei group G{1 + 1; (D) = 5*0(3; t; (D), which is realized in Cartesian 
basis by the matrices 



^ 1 t'lQ'12 '•l''2'3'13 

— iiai2 1 l-20'23 

\ '•1^2031 -^2^23 1 



where 031 = — ai3 + 012023- The relations of j-orthogonality (|l|) have been 
taken into account. Three different realizations of Galilei group in symplectic 
description are as follows 



BM) 



where 631 = — 



1 + Uli2&ll Llbl2 - U2bl2 -^''l'-2&31^ 
-Libi2 - U2hl2 1 -Llhl2 + ^'■2&12 



iili2k 



'31 



il6l2+U2&12 I-U162& 
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BJi) 



where h 



21 



BJl) 



12, 

/ 1 + ii2&ii ^ 

-Lihi2 + U162&2I 

V 

h2 - bi2bu, 

^162^21 - 1^2^12 

\ 



Lihi2 - U162&I2 
1 

<-l6l2 + Uli2&12 



ili2&12 - U2612 
1 

''l'-2&12 + «''2&12 





-Lihi2 - ^1^2^21 I , 
1 - U2611 





'-l'-2&21 + ^'-2^12 
1 — 



where 621 = -&12 + &ii&i2- 



3 Contractions of quantum orthogonal groups. 

3.1 Formal definition of quantum group SOy{N; j; a) 

In the definition of the quantum group SOv{N]j; a) we shall follow 0, but 
start with an algebra D((To-)jfc) of noncommutative polynomials of A^^ vari- 
ables, which are an elements of the direct product Djv_i(j) ® (D(tjfc). More 
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precisely, the elements {Ta)ik are obtained from the elements {Ba{j))^^ of 
equations (^) by the replacement of commutative variables 6, 6', 6, h' with 
the noncommutative variables t, t', r, r', respectively. It is clear that gener- 
ators t, t', r, r' are connected with the corresponding generators t*, t*', r*, r*' 
of SOg{N) in just the same way as elements b, b', b, b' are connected with 
6*, 6*', 6*, 6*'. One introduces additionally the transformation of the deforma- 
tion parameters g = as follows: 

z = Jv, (7) 

where w is a new deformation parameter and J is some product of pa- 
rameters j for the present unknown. Nondegenerate low triangular matrix 
Rq e Mn^{<£) is given by 

N 

Rq = q ^kk® ekk + 

k=l,k^k' 

N N N 

+ X] ^kk® err + ^k'k' ® ^kk + " Q^^) Y ^kr ® C^fe- 

k,r=l,kj^r,r' k=l,k^k' k,r=l, k>r 



N 

-{Q - Q'^) Y 1^''~'''(^kr <S) Ck'r' + epp (g) Cpp, 
k,r=l, k>r 



where the last term is present only for = 2n -|- 1 and p = {N + l)/2. Here 
Cik G Miv((D) are the matrix units {eik)sm = ^is^km, k' = N + 1 — k, r' = 
N + 1 — r and 

( ] = l in-l,n-l...,l,0,-l,...,-n + l), N = 2n + 1 

■■■^P^) I (n - 1, n - 2, . . . , 1, 0, 0, -1, . . . , + 1), iV = 2n. 

(8) 

Matrix C is as follows 

C = Coq^, p = diag{pi, ...,Pn), (Co)ifc = (^i'fc, i,k = l,...,N, 

{C),k = q'^'S,k, {C~%k = q-'''5i'k. 

Let Rv{j),C{j) be matrices which are obtained from Rg,C by the replece- 
ment of deformation parameter z with Jv : 

R,{j) = Rq{z Jv), C{j) = C{z ^ Jv). 
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The commutation relations of the generators T'o-(j) are defined by 



(9) 



where Ti(j) = To-(j) ® /, T2(j) = I <S) T^U) and the additional relations of 
(f , j)-orthogonality 



are imposed. 

One defines the quantum orthogonal Cayley-Klein group SOv{N; j; a) as 
the quotient algebra of'D{(Ta-)ik) by relations (|9|) , ([T0|) . Formally SOy{N;j;a) 
is a Hopf algebra with the following coproduct A, counit e and antipode S : 



In terms of generators t, r the explicit form of antipode is given in Ap- 
pendix A, of coproduct is given in Appendix B and of (f , j)-orthogonality 
relations are given in Appendix C. As far as only secondary diagonal ele- 
ments of the matrix C{j) are different from zero and for g = 1, j = 1 it is 
equal to Co, then we have the symplectic description of SOy{N;j] cr). 

3.2 Allowed contractions of SOy{N; j; a) 

The formal definition of the quantum group SOy{N] j; a) should be a real 
definition of quantum group, if the proposed construction is a consistent 
Hopf algebra structure under nilpotent values of some or all parameters j. 
Counit e{tn+i,n+i) = 1, ^(tkk) = 1, k = l,...,n, and e(t) = e(r) = for 
the rest generators do not restrict the values of parameters j. Parameters 
j are arranged in the expressions for coproduct A (Appendix B) exactly 
as in matrix product of B„{j), and as far as the last ones form the group 
SO{N;j; (D) for any values of j, no restrictions follow from the coproduct. 
Different situation is with the antipode S (Appendix A). Really, for elements 



(10) 



{Ta)k'k — tk'k + ii'k'kio'k, <^k'), k — 1, . . . ,n, 



(11) 



antipode is obtained as 



S{(T(j)k'k) — (T(j)k'k ■ c 



,2JpkV 



(12) 
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and depend both on pk and for the present undetermined factor J. Antipode is 
antihomomorphism of Hopf algebra and therefore has to transform the matrix 
To-(j) to a matrix with the same distribution of the nilpotent parameters j 



in its elements, i.e. the right and the left parts of equation (JT^) must be 
identical elements of D^v-iO) ® (D(tjfc). For J = 1 this condition holds for 
any values of the parameters j. The case J 7^ 1 requires additional discussion. 

Next condition which must be taken into account is the (f , j) -orthogonality 
relations ([T0|) (see Appendix C). In general, for nilpotent values of param- 
eters jk the number of equations (|l^) are increased as compared with the 
case ik = 1, k = l,...,n because it is necessary equate to each other 
terms with nilpotent generators and their products independently. Then the 
number of contracted quantum group generators are decreased as compared 
with the initial SOq{N). For example, for jk = t-k, k = 1, . . . ,n, J = 1 
the only nonzero generators of quantum group S0g{2n + l;L;ak = k) are 
Tkk, Tk'k, tkk = ^, k = 1, . . . ,n, tn+i,n+i = 1, i-^. as a result of contraction we 
have the Hopf algebra with the number of generators equal to 2r;, — 1 which 
is less then N{N - l)/2 = n{2n + 1). 

On the other hand most interesting are such contractions, when the num- 
ber of generators is conserved. It is necessery for this that the number of 
equations in (f , j)-orthogonality relations is not changed as compared with 
the initial quantum group. It is possible when nilpotent generators appeare 
in equation ([10|) either with the powers greater or equal two (and then the 
corresponding terms are equal to zero) or as homogeneous multipliers. Tak- 
ing into account all these arguments and using the explicit expressions for 
antipode and (f , j)-orthogonality we can find possible contractions of quan- 
tum orthogonal groups, which are described by the following theorems. 

Theorem 1. // the deformation parameter is not transformed J = 
1, then the following maximal n-dimensional contraction of the orthogonal 
quantum group SOv{N;j; a), N = 2n + 1 is allowed: 

32s = L2s, S = 1, . . . , m, J2r+1 = t2r+l, T = m, . . . , u - 1, < m < u, (13) 

for example, for permutation a: cr„+i = 2m + 1, 0"^ = 2s — 1, as' = 2s, s = 
1, . . . , m, 0",. = 2r, (Tr' = 2r + 1, r = m + 1, . . . ,n. 

Proof. From the explicit form of (f , j)-orthogonality (Appendix C) it 
follows that if all multipliers {<Jk,crk'), k = l,...,n are equal to one (or 
equivalently [jk=ii^k,o'k') = 1), then under conditions of theorem all prod- 
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ucts of the parameters j in (|1^) are equal to zero, otherwise are appeared in 
these equations as homogeneous multiphers. ■ 

Theorem 2. // the deformation parameter is not transformed J = 1, 
then the following maximal n-dimensional contraction of the quantum orthog- 
onal group SOv{N]j; a), N = 2n is allowed: 

323 = i'2s, s = 1, . . . , m - 1, jsp-i = L2p-i, p = m,...,u, 

32r = t-2r, T = u, . . . ,n — 1, 1 < m < u < u, (14) 

for example, for permutation a: an = 2m — 1, an' = 2ti, as = 2s — 1, as' = 

2s, s = 1, . . . , m — 1, ap = 2p, ap' = 2p + 1, p = m, . . . ,u — 1, ar = 

2r + 1, ar' = 2r, r = u, . . . ,n — 1. 

Proof. Similar to the proof theorem 1, except A; = l,...,n — 1. ■ 
Remark 1. It should be noted that as a may be taken any permutation 

with the properties {a^, a^') = 1, = 1, . . . , n (or n — 1). 

Remark 2. Admissible contractions for number of parameters jk less 

then n are obtained from (|T3D,(|1^, by setting part of j2s, j2p-i, j2r, 32r+i 

equal to one. 

We return to the antipode (|T2]) for J 7^ 1. As far as Pn+i = for = 
2n + 1, and p„ = p„/ = for N = 2n, (|) we shall regard these two cases 
separately. 

Theorem 3. If the deformation parameter is transformed {J 1), then 
the following contractions of the quantum orthogonal group SOy{N; j; a), 
N = 2n + 1 are allowed: 

1. For J = jn+i, 

a) jn+l = tn+l, 1 < O-n+1 < n + l] 

b) jn+l = in+1, jl = 1, ^1, if O-n+1 = 1- 

2. For J = in, 

a) jn = Ln, ifn + l< an+1 < 2n + 1; 

b) jn = tn, j2n = 1, t2n, if ^n+l = 2n + 1. 

3. For J = jnjn+l, 

jn = 1) '•nj jn+l = 1; '-n+l; ^/o"n+l = "^^ + 1. 

Proof. If J ~ i, then e'^'"' = 1 + Jpv, and equation (0) is rewritten as 

S{Tk'k) = tk'k + iTk'kiok, cTk') + 2tk'kPkvJ + 2iTk',k{ok, Ok')pkvJ- (15) 
The terms with factor J may be added only with the terms with factors 
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{ak, (Jk'), k = 1, . . . , n, therefore 

n 

J = r\(^k,(^k'), (16) 

k=l 

i.e. multiplier J is the product of all nilpotent generators of Pimenov algebra, 
which are simultaneously contained in all (cTfc, cjfc/), k = 1, . . . ,n. Intersection 
is not empty if all are less then all dp/, i.e. ak < (Jpi, \/k,p = 1, . . . ,n. 
The terms J{ak, cr^/) are equal to zero. Taking into account that o"„+i is not 
contained in equation ([l^) we may find unknown multiplier J. 

A. If o"„+i < n + 1, then max dp = n + 1 and min cTp' = n + 2, therefore 
J = np=i(o-fc, cTfc') = (n + 1, n + 2) = 

B. If (Jri+i > n + 1, then maxcTp = n and min cTp' = n + 1, therefore 
J = np=i((Tfc, CTfc') = {n,n + l) = in- 

C. If 

(Jfi+i — n -\- 1, then max CTp — n and min dp/ — ?^ + 2, therefore 

J = f]p=Mk, CTk') = (n, n + 2) = jnjn+l- 

Let us return to (|l^) with regard of obtained possible values J. 

1. For J = 

a) For permutations cr with 1 < cr„+i < n + 1 only one contraction 
= Ln+i is allowed. 

b) If cr„+i = 1, then all products (crfc,crfe/), A; = 1, . . . , do not contain 
parameter ji, therefore it is not appeared in {T„)kk', S{{T^)kk')- Consequently 
for nilpotent value of ji the above mentioned matrix elements and their 
antipodes are the same elements of Djv-i(j) ® (D(tjfc), i.e. for permutations 
a with (Tn+i = 1 two dimensional contraction jn+i = tn+i, ji = '•i is allowed. 

2. For J = jn. 

a) For permutations a with n + 1 < o"„+i < 2n + 1 only one contraction 
jn = in is allowed. 

b) For permutations cr with 0"„+i = 2n + 1 two dimensional contraction 
in = '•n, j2n = i2n is allowcd siucc all products (cTfc, CTfc/), = 1, . . . , n do not 
contain parameters j2n- 

3. For J = jnjn+i the permutations a with o"n+i = n + 1 are regarded 
and both parameters jn, jn+i may be independently equal to nilpotent values, 
therefore one have three contractions: j„ = t„, jn+i = 1; jn = 1, j„+i = 

We have found the admissible contractions by analysis of antipode of the 
matrix elements {Ta)k'k, k = 1, . . . ,n. One may verify that the antipode of 
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remaining elements of T^- leads to the same admissible contractions. In this 
sense the selected elements (To-)^,^ are most informative. 

Using the exphcit form of (f , j)-orthogonality (Appendix C), it is easy to 
verify that under the conditions of theorem all products of the parameters 
j are equal to one or zero, otherwise are appeared in ([1^) as homogeneous 
multipliers. ■ 

Theorem 4. If the deformation parameter is transformed {J 1), then 
the following contractions of the quantum orthogonal group SOy{N]j] a), N = 
2n are allowed: 

1. For J = jn, 

a) in = Ln, if(^n > 1, cTn' < 2n; 

b) in = Ln, ii = 1, Li, if (Jn = 1, cr„/ < 2n; 

C) in = l^n, i2n-l = 1, '•2n-l, if (^n > 1, Cr„/ = 2n; 

d) in = l^n, il = 1, '•I, i2n-l = 1, l'2n-l, if (^n = 1, Cr„/ = 2n. 

2. ForJ = j„.-i. 

a) in-i = Ln-1, if (^n' < 2n; 

h) in~l = 6n-l, i2n-l = 1, t'2n-l, if (Tn<2n- 1, CTn' = 2n; 

C) in-l = l-n-1, j2n-2 = 1, l-2n-2, 

i2n-l = 1, '•2n-l, if (J^ = 2n - 1, cr„/ = 2n. 

3. ForJ = ]n+i. 

a) in+i = Ln+i, if an > I; 

b) in+l = '-n+l, il = 1, '^l, if (7n = 1, > 2; 
C) in+l = in+l, il = 1, '•I, i2 = 1, ^-2, if O^n = 1, C^n' = 2. 

4- For J = in-lin- 

a) in-l = in~l, in = ^n, if C^n' < ^U] 

b) in-l = in-l, in = in, j2n-l = 1, i2n-l, if CTn' = 2n. 

5. For J = inin+1- 

0-) in = in, in+l = in+l, if O'n > 

b) il = 1, il, in = in, in+l = in+l, ^f (^n = 1- 

6. For J = in-linin+l- 

a) in-l = 1, in-l, in = 1, in, in+l = 1, in+l, if <^n = n, ffn' = Tl + 1. 

Proof. The matrix elements {Ta)k'k and their antipodes are described by 
equations ([TT1 ) , ([T^) with = 1, . . . , n — 1. (As far as p„ = 0, then S{{T„)nn') = 
S{{T„)n,n+i) = iT„)n,n+i)- Therefore J is given by equations (|1^) with the 
replacement of n by n — 1. Considering < \/k,p = 1, . . . n, one find 
admissible values of J. 

A. Let an < n and an' > n + 1, then maxcTfc = n and minafc' = n + 1, 
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hence J = (n, n + 1) = j„. 

B. Let cr„/ > (T„ > n, then maxup = n — 1 and minup/ = n, hence 
J = (n - l,n) = 

C. Let n > an' > then max dp = n + 1 and mincip/ = n + 2, hence 
J= (n + l,n + 2) =jn+i- 

D. Let 0"„ = cr„/ > n + 1, then maxcTp = n — 1 and min cTp/ = + 1, 
hence J = (n - 1, n + 1) = 

E. Let o"„ < n, an' = n + 1, then maxcp = n and min cTp/ = n + 2, hence 

J = {n,n + 2) = jnjn+l- 

F. Let CT„ = n, (T„' = n + 1, then max dp = n — 1 and min CTp' = n + 2, 
hence J=(n-l,n + 2)= jn-ijnjn+i- 

The analysis of equations with due regard for obtained possible 

values of J, leads to the admissible contractions of the theorem. Using the 
explicit form of (f , j)-orthogonality (Appendix C), it is easy to verify that 
under the conditions of theorem all products of the parameters j are equal 
to one or zero, otherwise are appeared in (|T0|) as homogeneous multipliers. ■ 

Hopf algebra SOq{N;j] a), N = 2n + 1 has n primitive elements which 
correspond to n nonintersecting 2x2 submatricies of the Cartesian ma- 
trix A{j) composed from elements a^^„^,aa^^a^,,a„^,„^,aa^,ay,k = l,...,n. 
Under the transition to the symplectic basis they are transformed to n diag- 
onal 2x2 submatricies di&g{{B^)kk, {B^)k'k') = diag{bkk + ibkk{'^k, (^k'),hk - 
ibkk{o'k, c^k')), k = 1, . . . , n, see (H). Each such matrix is either one parameter 
rotation subgroup 5*0(2), if {ak, ay) = 1, or one parameter Galilei transfor- 
mation S0{2;j = i) = G(l, 1), if {o'k,ak') = i. Therefore, if the deformation 
parameter z is fixed {J = 1), then all primitive elements of the contracted 
quantum orthogonal groups correspond to Euclidean rotation 5*0(2). If the 
deformation parameter is transformed z = lv, then all primitive elements 
correspond to Galilei transformation 5*0(2; j = i) = G{1, 1). The same is true 
for the contracted quantum groups SOg{N]j; a), N = 2n. Let us note that 
contractions of quantum orthogonal algebras with different sets of primitive 
elements have been discussed in p , p4 1 . 

Quantum orthogonal groups have contractions with the same nilpotent 
parameters j both with a fixed deformation parameter and with a trans- 
formed one. For example, the quantum group S0q{2n + 1; j; a) for even n = 
2p at cr„+i = 1 according to (p!3D has contraction j„ = 6„, jn+i = Ln+i, J = I 
and according to 3 of Theorem 3 has the same two-dimensional contrac- 
tion, but J = Lnin+i- Quantum group S0q{2n; j; a) for odd n = 2p — 1 at 
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(Tn = n, an' = n + 1 according to (|1^) has contraction jn-i = Ln-i,jn = 
Ln, jn+1 = J = 1 and according to 6 of Theorem 4 has the same three- 
dimensional contraction but J = Ln-itni^n+i- Let us stress that the cases 
J = 1 and J L are reahzed for different sets of primitive elements in Hopf 
algebras SOq{Ap+l] Ln, in+i', o") and 5*0^(4^ — 2; 6„_i, t„, t„+i; a), respectively. 

Let permutation a be identical, i.e. = k, ak> = k', ct„+i = n + 1. It 
follows from theorems 1 and 2 that there are no contractions of quantum 
orthogonal group SOq{N;j) with fixed deformation parameter (J = 1). For 
N = 2n + 1 from theorem 3 we obtain three possible contractions j„ = 1, '-n, 
jn+i = 1, tn+i (both parameters jn and jn+i independently take nilpotent 
values) and deformation parameters is transformed by (J^), with J = jnjn+i- 
For N = 2n from theorem 4 we obtain seven admissible contractions: jn-i = 
1, Ln-i, jn = 1, t'n, jn+1 = 1; '-n+i, whcrc dcformatiou parameter is multiplied 
by ^ = jn-ijnjn+i- It should bc considered in papers |^,[^ just these 
allowed contractions. 



4 Quantum complex kinematic groups 

Kinematic groups are motion groups of the maximal homogeneous four- 
dimensional (one time and three space coordinates) space-time models [p^] . 
All these groups may be obtained from the real orthogonal group 5*0(5; IR ) 
by contractions and analytic continuations . If one introduce Beltrami co- 
ordinates C,k = Xk+i/xi, A; = 1, 2, 3, 4 and one interpret as a time axis while 
the rest three - as a space axes, then Galilei group G{1, 3) = 5*0(5; Li, L2, 1, 1) 
is the motion group of the nonrelativistic space-time with zero curvature, 
Newton groups A^^(l,3) = 5*0(5; ji = l,i;L2,l,l) are the motion groups 
of the nonrelativistic space-time with positive and negative curvature, re- 
spectively. Poincare group P(l, 3) = 5*0(5; Li, i, 1, 1) is the motion group of 
the relativistic space-time with zero curvature and 5*^(1,3) = 5*0(5; ji = 
1,2; 2, 1,1) are the motion groups of the anti de Sitter space-time (positive 
curvature) and de Sitter space-time (negative curvature). 

If one interpret three first Beltrami coordinates as a space axes while 
the last one as a time axis, then the three exotic Carroll kinematics are ob- 
tained, namely C*°(l, 3) = 5*0(5; li, 1, 1, ^.4), with zero curvature, C*^(l, 3) = 
5*0(5; ji = 1, i] 1, 1, ^.4), with positive and negative curvature. 

The groups iV^(l,3) are the real forms of the complex Newton group 
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A^(4), Poincare group P(l,3) is the real form of the complex Euclid group 
E{A), the groups C^(l,3) are the real forms of the complex Carroll group 
C(4). In this paper the quantum deformations of the complex orthogonal 
groups are regarded, therefore whith the help of contractions of S0g{5) the 
quantum analogs of the complex kinematic groups may be obtained. Possible 
contractions of the complex quantum group 5*0^(5; j; a) are described by the 
theorems 1,3 and are as follows: for J = 1, ji = = 1,^3 with a = 

(2, 4, 1, 5, 3); j2 = 1, i2, js = 1, i^s with a = (1, 4, 3, 5, 2); ja = 1, (-2, ji = 1, t-i 
with a = (1, 3, 5, 4, 2); for J = L2, 32 = t'2, Ja = 1, '•4 with a = (1, 2, 5, 3, 4); 
for J = 63, ji = l,Li, js = L3 with a = (2,3,1,4,5); for J = 1213, 32 = 
t'2, is = '-s with a = (1,2,3,4,5). Thus if deformation parameter remains 
unchanged (J = 1), then we have the quantum analog of Euclidean group 
Eq(4) for ji = Li,j2 = J3 = J4 = 1, CT = (2, 4, 1, 5, 3); of Newton group Ng{4:) 
for ja = '•2, ji = is = j4 = 1, cr = (1,4,3,5,2) and of Carroll group Cg(4) 
for j4 = 64, ji = j2 = js = I, (7 = (1,3,5,4,2). If deformation parameter 
is transformed under contraction z = L2V, then we have one more quantum 
deformation of Newton group N^i^A) for j2 = 02, ji = js = ji = 1, cr = 
(1,2,5,3,4), which is not isomorphic to the previous one. Two primitive 
elements of Nq{4) correspond to the elliptic translation along the time axis 
t and to the rotation in the space plane {r2,r3} (both are isomorphic to 
5*0(2)), while primitive elements of iV„(4) correspond to the flat translation 
along the spatial axis r2 and to Galilei boost in the space-time plane {^,^"1} 
(both are isomorphic to Galilei group SO{2;j2 = L2) = 0(1, 1)). We did not 
obtain the quantum deformations of the complex Galilei G(4) and Carroll 
C°(4) groups. 

According to correspondence principle a new physical theory must include 
an old one as a particular case. For space-time theory this principle is realized 
as the chain of limit transitions: general relativity passes to special relativity, 
when space-time curvature tends to zero, and special relativity passes to 
classical physics, when light velosity tends to infinity. For kinematical groups 
this corresponds to the chain of contractions: 

5^(1,3)^^^(1,3)^0(1,3). (17) 

As it was mentioned above there is no quantum deformation of the complex 
Galilei group in our scheme, therefore we are not able to construct the stan- 
dard quantum analog of the full chain of contractions ([T7|) , even at the level of 
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complex groups. This means that (at least standard) quantum deformation 
of the flat nonrelativistic (1+3) space-time does not exist in Cayley-Klein 
scheme. 



5 Conclusion 

From the contraction viewpoint Hopf algebra structure of quantum orthogo- 
nal group is more rigid as compared with a group one. Cayley-Klein groups 



are obtained from SO{N; j) for all nilpotent values of parameters jk, k 



1, . . . , N — 1, whereas their quantum deformations exist only for some of them 
(^ [y])- The main restrictions on contractions are appeared from antipode 



(|T2D. In particular, contractions of quantum orthogonal groups with trans- 
formed deformation parameter z = Jv, J ^ 1 are possible only due to some 
parameters which characterize the matrix Rg, are equal to zero, namely 
Pn+i = for N = 2n + 1 and p„ = Pn' = for N = 2n. In this sence such 
contractions are exclusive and complementary to contractions with untrans- 
formed deformation parameter. 

It should be noted that among the contracted for equal number of pa- 
rameters j quantum orthogonal groups may be isomorphic, as Hopf algebra 
quantum groups. Quantum groups isomorphism is not regarded in this paper. 

Unlike of the undeformed case we are not able to obtain quantum de- 
formation of Galilei group G{1,3) by contraction of S0q{5). It seems that 
quantum groups and corresponding quantum spaces are not a suitable ob- 
jects for simulation of noncommuting space-time because of the fundamental 
physical correspondence principle is not satisfied in this case. 
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A Antipode S(T) = CT^C ^ of quantum group 

SO,iN,a,j) 

S(tn+l,n+l) = tn+l,n+l, S(tkk) = tkk, S^Tkk) = —Tkki 

S{tk'k) = tk'kCOsh2JpkV + iTk'k{crk,crk') smh2JpkV, 
S{Tk'k) = Tk'kC0sh2JpkV - itk'kicTk, o-k')~^ smh2JpkV, 

S{tk,n+i) = tn+i,k cosh JpkV + iT„+i,fc^^^^-^^^ sinh JpkV, 

S{Tk,n+i) = Tn+i,fc cosh J pkV - it^+i^fcy^^^^^^ smh JpkV, 

S{t„+i,k) = tk,n+i cosh J PkV + iTk,n+i ' sinh JpkV, 

'S'(r„+i,jk) = Tk,n+i cosh J PkV - itk,n+ir^—^^^ sinh JpkV, 

[(^k',crn+i) 

S{tkp) — tpk cosh J PkV cosh JppV — ^^—^ — "v^U sinh JpkV sinh JppV + 

[O-kjCTp) 

((T„, (7fc/) 

+i-r^ V'^pk sinh JpfcV cosh JppV + 

j^Mz2^±i^i ^Qg]^ jp^^ gjj^]^ JppV, 
[(^k,crp) 



S{t'f^ ) = t' cosh J PkV cosh Jppf — tpkj—^^-^-^ sinh JpfeW sinh JppU — 



~iTpk-r-^ ^o^^ ■^Pfe'f^ sinh JppT; — 

—'iT'pk7~^~^~^ sinh Jpfe^u cosh Jppi;, 
[crk',(^p') 
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S(Tkp) — r'k JpkV cosh JppV + Tpk-r-^ — sinh JpkV sinh JppV — 

{o'k,o-p') 

~itpk-f~^-^~\ cosh JpkV sinh JppV + 

+it'pkT^^~^ sinh Jpfc'i^ cosh JppV, 
{(^k,crp') 

S(tL) = Tpfe cosh JpkV cosh Jppi; + r'^ ^'^^ ' sinh Jp^^; sinh JppV — 

[ak',(Tp) 

—itpk-r^ — ^ sinh JpkV cosh JppV + 

[CTk', CTp) 

'^'^KkT^ — ~T •^Pfe'i^ sinh JppV. 

B Coproduct AT = T<^T of quantum group 

SO,{N;a-j) 



fc=l 

'^tkk = tkk ^ tkk + tk'k ^ tk'k + {0'k,0'n+iytk,n+l ^ 'tn+l,k + 

+ (a'n+l, C^fc')^^fe,n+1 <8 T-„+i,fc + (o-fe, ak'Y{Tk'k ® Tfc'fc " Tfcfc ® Tfefe) + 
n 

+2 ^ [{crk,crs)\s<^tsk + {crk',crs')\s'^'t'sk + 

s=l,s^k 

^"^fefe = Tkk®tkk-\-'tkk®Tkk-\-'tk'k®'Tk'k — 'Tk'k®'tk'k-\- 

((7fc,cr„+i)((T„+i,crfe') ^+ \ , 

H 7 ^ iffe,n+l <^ TVi+l./k — 7"it,n+l <^ In+l.ikJ + 

\<7k, CTk') 

2 " 

+ 7 r [i'^k,crs){crs,crk'){tks<^rsk- r'ks'^tsk) + 

{(7k,(7k') s=l,Sjtk 
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k'k 



tk'k ® tkk + tkk <8) tk'k + (O'fc! 0'n+l)^^fc,n+l ® ^n+l,fe — 

-(cr„+i, crfe/)Vfe,„+i (g) r„+i,fc + (cr^, ak'Y{Tkk ® Tk'k - U'k ® Tfefc) + 

n 

s=l,s^k 



A^k'k — Tk'k ® tkk + tkk ® Tk'k + tk'k ® Tkk — ^kk ® tk'k + 



,n+l ® ^n+l,A; + ^fe,n+l 



X] [(o-fc, Crk'){tks <8) T^it + Tj^s ® + 



At 



k,n+l 



tk,n+l ® in+l,n+l + {tkk + ^fc'fe) ® ^fc,n+l + 

, {crk,ak')i(Tk',(Tn+l) I 

H 7 ^ [Tkk + Tk'k) ® Tk,n+1 + 

[ak, (Tn+l) 

9 n 



(cTfe, (7n+i) g^^ g^k 



At/ 



fc,n+l 



Tfc,n+1 ® Wl,n+1 + (^fcfc — tk'k) ® TA;,n+l + 

, {c^k,C^k'){crk,CTn+l) , X „ , 

H 7 ^ [Tk'k - Tkk)® Tk,n+l + 

2 " r 

+7 r {crk',crs){(Ts,crn+i)T'ks®ts + 

[Un+l.Ok') s=l,s^k^ 



^^n+l,ifc — ^n+l,n+l ® ^n+l.A: + ^ {tkk + ^fe'fe) + 



-Tn+l,ifc <H) {Tk'k -Tkk) + 
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X! {'^k,Crs)i(Ts,Crn+l)tn+l,s <S>tsk + 



+ ((7fe, as')(as',Crn+l)rn+l,s ® T^jt 



tn+l,n+l ® Tn+l,k + ^n+l,k ® {%k ~ ^fc'fe) + 



2 



E 



-^n+l,ifc ®{Tkk + Tk'k) + 
(cTk', crs)(as, an+l)tn+l,s <8) Tsk + 



(cTfe, (T„+i) (dp, (J„+l) 



ink + Tfe/fe) <8) Tj(.p + 

+ 



(c^fc, CTp) s=l,s^k,p 

+i<^k, crs'){crs', (Jp)Tks ® Tgp 



^'kp ® i^PP ~ tp'p) + i^kk — tk'k) ® ^fep + 

(a-„+i, f7fe')((7„+i, fTp') 

H 7 V Tk,n+1 T„+i,p + 

(^(7fe/, (7p/J 

, {,CFk,(Jk'){cFk,CFp') 

H 7 ^ (Tfc'fe -Tkkj® Tkp + 

[ak',(Jp') 

''kp ^ \ 'PP ^ 'P'PJ ^ 



[ay-, CTp') 

2 



gi , (7p/ 
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At, 



kp 



Tkp<S) {tpp — tpip) + {tkk + tk'k) ®Tkp + 



(o'/c, C7'p)('7p, dp') 



+((7fe, crs)((7s, CTpO^fes <8) 



<S) (ipp + Vp) + i^kk — tk'k) ^ 'Tkp + 

, (o"fc,cr^+i)(crn+i,crp/) ^ 

"I 7 ^ t-fcin+l ^ TVi+i^p -f- 

[CTk', CTp) 

+ ^ ^' ^ ^' P-^ (-7-^,^ - Tfefc) (8) ifep+ 

^ (cTfe/, crp/)(crp, CTp/)^, _ . 

'Tp'p ^pp) ' 



{cTk', Tp) 



^kp ^ K'P'P 'PP 



XI (^fc'' crs)(cr5, crp)T(^3 (g) tsp+ 



+(o-fc',o-y)((7y,o-p)4^®r;p 



C {q — j')-orthogonality relations TCT^ = C 
for quantum group SOy{N;a;j) 

Let us introduce the notation Vk — PkV- 

n 

1 = ^n+l,n+l + 2 I]{ (((7p, (Tn+l)^in+l,p + COSh JVp + 



+i((Tp, (T„+i)(cr„+i, crpO[tn+i,p, Tn+i,p] sinh JVp}, 
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+ (o-fc, (^p'f^kp) cosh Jvp + i{ak, ap){ak, apf)[tkp, r^p] sinh Jv^j + 

+ 2 {^fefc + ^k'k + [^kk, tk'kU + ((7fe, (Tk'f{r^k + ^k'k + 

+ [rkk,rk'k]+)] cosh Jvk + ^{ak,ak')[[tkk,rkk] + 

+ [tk'k, Tk'k] + [tk'k, Tkk] + [tkk, "^fe'fe]} sinh JVk, 

n 

((7„+i, (7fc/) Vfc + 2 { ((^fe'' ^P'f^'kp + 

+ (o-fe', cosh J^;p - i((7fe/, ap')(ak', (Tp)[t'^.p, rj^^] sinh Jt;^} + 

1|'2 2 r 1 / \2/2 2 

+ 2 l^fcfc + Vfc - Rfe' tk'k\+ + [<^k, CTfc') (Tfefc + Tfe,;t - 

-[Tfefe, + cosh Jtifc + |((7jfc, (7jt')|[ijfcfe, Tjtfe] + 

+ [^ifc'fe, T-fe'it] — [tk'k, Tkk] — [tkk,Tk'k]] sinh J Vk, 

—i{ak, 0'„+i)((T„+i, 0-k')tk,n+lTk,n+l + 
n 

+ (crk,ap')(ak',ap')rkpt'kp^ cosh Jvp+ ({ak,ap){ak',ap>)tkpt'kp — 

- (cTfe, <^p'){'^k',<yp)TkpTk^ sinh Jtip} + -(o-fc, o-fc/)|[tfefc, Tfcfc] - 

— [^fe'fe, + [ik'k,Tkk\+ — \tkk,Tk'k] + ] COSh JVfc + - jt^jt — 

~^fc'fe + [^fc'fej^fefe] + {cFk,crk'Y (jkk ~'^k'k + [Tk'kjTkk])] sinh Jvk, 

n 

+2 XI (('^ik'>crp')(^ik><^p')4p'^fep + 
24 



+ {(^k',(^p){crk,crp)T'^ptkpj cosh Jvp+ {{ak'-,(Tpi){ak-,(Jp)t'kptkp 

i 

5' 



{(^k, (^p')i(^k', (^p)Tkp^kp) sinh Jvp^ + -((7fe, ak')^[tkk, Tkk] 



''kk 



- [tk'k, Tk'k] - [tk'k, Tkk]+ + [tkk, Tfc'fc] + } cosh JVk + -{tl 

~tk'k ~ [tk'k,tkk\ + (cTk, Gk'Y (r^k ~ ^k'k ~ [Tk'k, Tkk])] sinh Jvk, 



{O'i, '^n+l){crk, ^■n+l)ti,n+ltk,n+l + 



+2 XI {{{(^i:Crp){crk,<^p)tiptkp + {cri,ap>){ak, ap>)TipTkp) cosh Jvp + 
p=i,p^i,k 

+i ((cTj, ap){ak, (7p')tipTkp — {ak, CTp){ai, ap')Tiptkp) sinh Jvp] + 
+ {(o-fc, o-i){tii + Ui)tu + (cTfc, a,i){a.i, a.,,){Tii + Ti>i)Tki] cosh Jvi + 
ai>){tii + tiii)Tki - {oi, ai'){ak, CTi){Tii + Ti>i)tki] sinh Jvj + 
+{(cri, ak)tik{tkk + tk'k) + {(^k, crk'){cri, ak')Tik{Tkk + Tk'k)] cosh Jvk + 
+i{ — (cri, CFk')Tik{tkk + tk'k) + (cTfc, crk')(ai, ak)tik(rkk + sinh Jvk, 

{o-i>, Cr„_|_i)((Tfc/, an+l)Ti^n+lTk,n+l + 
ri 

+2 X { ' <^P') > (^P')t'ipt'kp + {cTi' , CTp) {crw , crp)r'ipTl^ cosh Jvp + 

p=l,p^i,k 

+i [-{ae, cTp/)((Tfc/, ap)t[pr'^p + {ak', ap>){ai', ap)T-ptQ sinh Jvp} + 
+ {{crk', cri'){tii - ti'i)t[i + ((Tj, ai)(ri'i - Tii)r^j| cosh Jt;^ + 

+i{(ak', ai)(ti'i - tii)T^i + (cTj, (7j/)(c7fe/, (7i/)(Ti/j - Tji)i'j.J sinh Jvi + 
+|(crj', ak')tl^{tkk - tk'k) + (cTk, crk'){(7i', crk)r-^{rk'k - Tfcjfc)| cosh Jvk + 
+i|((7i', ak)Tl^{tkk - tk'k) + (c^fc, CFk'){(^i'-, crk')tik{Tkk - Tfc'fc)} sinh Jvk, 

—iicTi, (T„_|_i)(o'fc/, 0-n+l)ti,n+lTkji+l + 
n 

+2 ^ {-i (((jj, ap){ak', (Jp)tipT'^p + ((7^, ap'){ak', crp')Tipt'^^ cosh Jvp + 

p=l,p^i,A; 
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+ ((o-j, ap){ak', (rp')tipt',^p - {ai, (Tp'){crk', (yp)TipTl^ sinh Jvp^ + 
+{((7fe', crii){tii + - {(^h cri'){(Tk', (Ji){Tii + Tj/i)TfeJ sinh J-y^ - 

-i{((7fe., ai){tu + ii'j)Tfej + ((7j, (7i/)((7fc/, (7iO(Tn + Ti/i)4j} cosh Jvi + 
+{(c^i, (7k)tik{tkk - tk'k) + cTA;')((Tj, ak')Tik{Tkk — Tfc'fc)| sinh Jvfc + 
+i|(crj, ak')Tik{tk'k - tkk) + (cTfe, o-k'){o-i, (Jk)tik{Tkk - rfc/fc)| cosh Jvk, 

^(Cfc, Crn+l)(<7j', 0'n+l)Ti,n+l^fc,n+l + 
n 

+2 (((^i'^ o-p/)((7fe, (7p')t[prkp + {ak, (7p)((7j/, crp)rlptkp) cosh + 

+ ((o-i', C7p')(c^fc) (^pYip^kp - (cTi', crp)(crfc, (Jp:)T[pTkp) sinh Jwpj + 
+ {(f^fe, o-i)(^n - ^w)^fej + cr«')('^n - Ti'j)Tjti} sinh JVi + 

+i|((Tjk, ai>){tii - UijTki + (cTj, ai>){ak, cri){Tin — Tii)tki^ cosh J'Uj + 
|((7i', aki)t[k{tkk + ^fc'jfc) - (cTjfc, crk')(ai', ak)r-^(rkk + Tfc'fc)| sinh Jvk + 
'{{cri', (^k)'r'ik{tkk + tk'k) + (o-fc, o-fc')!"^*') CFk')t'ik{Tkk + rfc'fc)| cosh J'Ujfc, 



+ 



It 

(Cfc) C''n+l)^A;,n+l^n+l,n+l + 2 ^ { ((Cfc; CTp) (^p; Crn+l)^fep^n+l,p + 

+ (C7fc, Crp')(^P'' O'n+OTfcpTn+i^p) COsh Jt;p + 1 {{(Tk, (Tp){(Tp', (J„+i)tfcpr„+i,p - 
— {0'k,0-p/){ap,an+l)rkptn+l,p) sinh. J Vp | + \^{<Tk, 0-n+l){tkk + tk'k)tn+l,k + 

+ (crfc,crfc')(c^fc'>cr„_,_i)(TfcA; + rfe/fc)rn+i,fc|cosh Jvfc + 
-(cTk, crk'){ak, CTn+i){rkk + rk'k)tn+i,k} sinh Jvk, 

n 

—i{ak',Crn+l)Tk,n+ltn+l,n+l + 2 ^ |— i ((cTfe/, Crp)(cTp, CT„+i)r^pt„+i,p + 

p=l,p^fe 

+ ((7'fe',crp')(^p'>^n+i)4p'^n+i,p) coshJi;p+ (^—(ak' , crp'){ap, an+i)t'kptn+i,p + 
+ {cTk', crp){o'p', a„+i)r^pr„+i,p) sinh Jf^j + |(crfc, cr„+i)(tfc'fc - tkk)tn+i,k + 
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+^{(Cifc', Crn+l){tk'k — tkk)Tn+l,k — 

-(c^fc, crn+i){rk'k - 'T'kk)tn+i,k] cosh JVk, 

n 

(Cfe, Crn+l)'tn+l,n+ltk,n+l + 2 X] { ii^k, 0'p){Cp, C„+i)t„+i,ptfep + 

+ (C^fc, C^p')(c^p') O'n+O'Tn+l.pTfep) COsh JVp + 1 (((Jfc, CTpOl'T'p, Cr„+l)tn+l,pTfcp - 

+ (0'fc, 0'fc')('^fc', (7n+l)Tn+l,fe(T"A:fc + rfe/fc)| COSh JVk + 
+i{( Cfe, Crk'){crk, Crn+l)tn+l,k{'Tkk + Tk'k) — 

-(cTfc', crn+i)rn+i,k{tkk + tfe'fe)} sinh J'Ufe, 

n 

—i{ak',an+l)tn+l,n+l'Tk,n+l + '^ X] { (('^fe', O'p) ('T'p, (7n+l) Wl,p'^fep + 
+ (0"fc', 0"p')(0"p', 0"ri+l)Tn+l,p4p) COsh JWp + (^((Tfc' , (Jp/) (dp, (Jn+1 )t„+l,p4p - 

- (cTfc', (7p)(c^p', cr„+i)T„+i,pT^p) sinh Jvpj + |(cTfc, cr„+i)tn+i,fe(^fcfc - ^fc'fe) + 
+(crk,(Tk')(ak',an+i)Tn+i,k(Tkk — Tk'k)]sinhJvk + 

Cfe, 0-k'){(Tk, 0-n+l)tn+l,k{'Tkk — Tk'k) — 
-{cTk', CFn+l)Tn+l,k{hk - h'k) \ COSh JVk- 
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